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It is proved that for every k-optimal path partition ofa directed graph in which no two cycles interesect 
at a vertex. there exists a partial k-coloring which colors strongly each path of the partition. 
1. Introduction 
We follow the notation and terminology of Berge Cl]. Let G be a directed l-graph. 
An arc (x, y) in U is an edge xy or yx if its orientation is immaterial. Similarly, we 
speak of a cycle if we ignore the orientations of the arcs of the cycle. 
A path is an elementary directed path in which all vertices are distinct. The set of 
vertices encountered by a path P (a cycle C) is denoted by P(C) itself. A partial 
k-coloring of G is a set of k mutually disjoint stable sets of G. The maximum number of 
vertices of an induced subgraph of G which can be colored in k colors is denoted by Q. 
We need the following definition. 
Definition. Consider a partial k-coloring and a path P of G. The path P is said to be 
strongly colored or the partial k-coloring is strong for P, if the number of different 
colors encountered by P is min{lPJ, k}. 
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Let k be an integer such that 1~ kdmaxIP1 where the maximum is taken over all 
paths of G. For a path partition Y=(P1,P2, . . . , P,) of the vertex set X of G, set 
i=l 
A partition Y’ of X is said to be k-finer than 9 if&(Y) < Bk (9) and 9 is k-finest or 
k-optimal if there is no k-finer partition than 9. 
The following theorem is due to Gallai and Milgram [6]. 
Theorem 1 (Gallai-Milgram [6]). For a directed graph, the minimum number ofpaths 
partitioning the vertex set is less than or equal to the stability number a. 
The following theorem has been proved independently by Gallai [S] and Roy [9]. 
Theorem 2 (Gallai [S] and Roy [9]). The chromatic number ofG is less than or equal 
to the number of vertices in a longest path. 
In a sense, Theorem 2 can be considered as a dual of Theorem 1. In order to 
unify the theorems of Gallai-Milgram and Gallai-Roy, Berge posed the following 
conjecture. 
The strong path partition conjecture (Berge [2]). Let G be a digraph and k an integer 
such that 1 <k dmax, (PI where P is a path of G. Then for every k-optimal path 
partition of G there exists a partial k-coloring which is strong for each path of the 
partition. 
If the conjecture is true, then for k = 1 we obtain a result due to Linial [S] (see also 
Berge [3]) which extends Theorem 1 and for k = max IP[ we have a theorem of Berge 
[2] which contains theorem 2. 
The following question is raised by Linial [7]. 
Question (Linial [7]). Does there exist a path partition 9 such that Bk (Y)<Q? 
Clearly, the validity of the Berge’s strong path partition conjecture (SPPC) answers 
the above question in affirmative which is called the Berge’s weak path partition 
conjecture (WPPC). 
The SPPC is proved for several families of graphs: bipartite graphs, transitive 
graphs (Berge), acyclic graphs (camion) etc. (See Berge [4].) Graphs considered so far 
are the graphs containing no circuits (except the graphs like symmetric graphs) or the 
graphs containing only even cycles (possibly circuits). In [lo], the SPPC is proved for 
graphs containing exactly one cycle (possibly a circuit). In this paper, SPPC is proved 
for graphs containing vertex disjoint cycles. 
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2. The main result 
Theorem 3. The SPPC is true for graphs containing vertex disjoint cycles (possibly 
circuits). 
Proof. We distinguish two cases: 
Case 1: k>,3. 
This case is proved by induction on the number of cycles. In [lo], SPPC is proved 
for graphs containing at most one cycle. So we suppose the conjecture for all graphs 
containing exactly p (3 1) disjoint cycles. 
Let G contain p + 1 disjoint cycles and 9, a k-optimal path partition of G. We may 
assume that no induced P in 9 contains a cycle for if P in 9” contains a cycle C then 
a partial k-coloring of G-e (containing p cycles) which is strong for 9 in G-e (by 
induction hypothesis) is also strong for 9 in G where e is an edge of C not in the 
path P. 
Consider a cycle C meeting P in 9 and the edges e, =xy, e2 =zt (el #e2) of C such 
that x, ZGP and y, t $ P. Let G1 and G2 be the two connected components of 
G’= G-el-e2 with x, z in G1. Evidently, 9 induces a k-optimal path partition of G’ 
which contains p disjoint cycles. Hence there is a partial k-coloring of G’ which is 
strong for each P in 9. If this partial k-coloring of G’ is also a partial k-coloring of 
G then we are done. Otherwise, the following two cases may arise. 
Subcase 1.1: x=z. 
Let yQ’ and td”’ (possibly P’ = P”) where P’, P” are in 9. Let x, y, t be assigned the 
colors i, j, i respectively (possibly i=j) in the partial strong coloring of 9 in G’. Note 
that if P’ = P”, we may assume that i #j. Let q be a new color # i, j. Then an exchange 
of colors i and q in G1 gives a required coloring of G. 
Subcase 2.2: x #z. 
By virtue of subcase 1.1 we may suppose that y # t. Let x and z be assigned the colors 
i and j (i #j). If y and t were assigned the colors i and j respectively then by exchanging 
the colors i and j in G1 we get a desired strong coloring of 9 in G. If y and t were 
assigned the same color i then an exchange of q and i (q # i, j) in G2 gives the result. 
This completes the case of k > 3. 
Case 2: k = 2. 
Let 8=(P1, P2, . , P,) be a 2-optimal partition. As in case 1, we suppose that no 
induced Pi in B contains a cycle. 
A path P in 9 is said to be of type Y1 or Y2 according as lPI d 2 or lPI 3 3. An odd 
cycle C is said to be of type V1 or gz according as C meets exactly one P in 9 of type 
Yz or at least two P’s in 9 of type Y2. 
Note that an orientation of an odd cycle always contains a path of length 2. First 
observe that an odd cycle is either of type V1 or g2 for if there is an odd cycle C 
such that C n P=@ for all P of type g2 then it can be verified that the partition 9 
defined by 
Y=(Pl-D, P2-D, . . . ,P,-D) 
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is 2-finer than 9 (Pi-D may be an empty path) where D is a (directed) path of length 
2 in C. In fact, no path of length 2 is in the subgraph induced by P’s of type P1. 
We further observe that at most 1 PI - 2 cycles of type +Z1 can meet a P (of type .9J. 
For if the cycles Ci, Cz, . , C, (Y = 1 PI - 1 or IPI) of type Vi meet P then the partition 
9” defined by 
Y=(D1, D2, . . . , D,,P,-D,Pz-D, . . . . P,-D) 
is a 2-finer than 9 where Di G Ci is a (directed) path of length 2 meeting P and 
D= Ur= 1Di. 
We show that G contains a bipartite induced subgraph G’ = (X’, Y, U’) such that 
IX’nPil> 1, 1 rnPil> 1 for Pi in 9 with lPil>2 and either IX’nPil= 1 or I rnPil= 1 
for Pi in 9 with lPil= 1. 
If there is no P in 9 of type 5P2 then G itself is bipartite and the theorem is trivial. 
Suppose there exists only one P of type Pz. From each odd cycle C, we delete exactly 
one vertex of C n P. Then according to our observations, we obtain a bipartite 
subgraph G’=(X’, Y’, U’) with I(X’u Y’)nPI> 2. It remains to show that 
IX’ n PI b 1 and I Y’ n PI 3 1. If xy is an edge of G’ with x, y in P then the theorem is 
true. Otherwise, since G contains disjoint cycles, any two x, y in (X’ u Y’) n P are in 
different components of G’. If x, YEX’ (or EY’), using the fact that G contains 
disjoint cycles, we can easily find a new bipartition of G’ =(X”, Y”) such that x in X” 
and y in Y”. 
Suppose the theorem for all 2-optimal partitions having exactly t paths (t > 1) of 
type Pz and let 9’ be a 2-optimal partition having t + 1 paths of type P2. We shall first 
prove that there exists a P of type P1 such that < IPI -2 odd cycles meet P. Suppose 
not and consider a P of type Pz. Then > I PI - 1 odd cycles meet P. By our second 
observation, at least one of these cycles, say C, should be of type C2. We show that 
there exists at least two cycles of type C2 meeting a P’ (P # P’, P’n C #8) of type Pz. 
Suppose the contrary. Two cases can arise. 
Subcase 2.1: There exists a path DO of length 2 in C (of type GZz) not meeting 
P (CnP # 8). 
Note that by our first observation, DO is not entirely contained in P’s of type P1. 
If Pi, Pi, Pi are the paths of 9 meeting DO (exactly two of the P;, Pi, pj may 
coincide and at least one Pi is of type P2), since PI, (of type P2) meet IP;I -2 cycles of 
type %i we have a new partition 9’ defined by 
9’=(D1, D2, . . . , D,, D,,, PI-D, Pz-D ,..., P,-D) 
which is 2-finer than 9 where Dis (i = 1,2, . , r) are paths of length 2 contained in the 
cycles of type %‘i meeting the paths Pi, of type Pz and D = UT=, Di (see Fig. 1). 
Subcase 2.2: All paths of length 2 in each cycle C of type %7z (with CnP #8) 
meet P. 
This implies (by our first observation) that all paths of length 2, in any odd cycle 
C with Cn P#@ meet P. Let D1, Dz, . . . , D, be paths of length 2 contained in the 
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Fig. 1. .Y=(Q, P. R. P;, P;, P;) where Q=(l, 2), P=(3, 4, 5), R=(6, 7), P;=(8, 9, IO), P;=(ll), P;=(12, 
13),D,=(8,11,13),D, ~C=~8,11,13,12,4),D,=(7,9,6),r=l,E,(.~)=ll,D=D~uD,.Thenew2-finer 
partition .Y is given by .P’=(D,, D,, Q, P, 10, 12) and B, (Y’)= 10. 
different cycles of type %?z meeting P where p is the number of cycles of type gz 
meeting P. Let PO be the set of paths in g meeting the Dis (i= 1, 2, . . . ,p). (Since no 
two cycles of G intersect, each path in PO meets exactly one Di.) Let Wr be the set of 
cycles of type VI meeting the paths in PO of type g2 and let Dp+ 1, D,, 2, . . . , D, be the 
paths of length 2 contained in these cycles of Wr. Then the partition 
?=(D,, D2, . . . , D,, PI-D, P2-D,...,P,--D) 
is 2-finer than .9 where D = UT= 1Di. This completes the Subcase 2.2. 
Thus we have proved that to every path P of type 9)2 there is a path 
P' of type pp2 (P ZP') and at least two cycles of type Vz meet P’. Furthermore, there is 
a cycle C of type Wz such that C n P # 8, C n P' # 8, D n P' # 8 where D is some path of 
length 2 contained in C. Note that if P' results from Subcase 2.2 we have also 
DnP#f 
The same argument can be continued by replacing P with PUP' to show the 
existence of a P” (#P, P') of type yp2 such that at least two cycles of type %?:2 meet P,’ 
and so on and so forth (since G contains disjoint cycles). This means that there is an 
infinity of P of type ppz, a contradiction. Therefore there is a P of type p2 meeting at 
most 1 P I- 2 odd cycles. 
By induction hypothesis there exists a bipartite subgraph GO = (X0, Y,, U,) of G - P 
such that IX0 n P,,j 3 1, 1 YO n PO1 3 1 for all PO in 9-P with lPo 132 and either 
IPo n X,, = 1, or IPo n Y,i = 1 for each P, in 9-P with IPo I = 1. Now from each odd 
cycle C meeting P in G we delete only one vertex of C n P. Then GO with the remaining 
vertices of P form a bipartite subgraph sought (as in the case of 9 having only one P of 
type 9~2). 
This completes the proof of the theorem. 0 
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